The Chezy formula for steady flow in a uniform symmetrical channel with constant slope-friction factor is mathematically examined. The problem of the determination of the channel shape above a reference level for a given rating curve of flow area vs discharge with a constant ratio (m) of slope to mean velocity above a reference level is posed and then solved. It is shown that there is a double solution of the problem. One solution (being of main interest) is unlimited and gives a shape widening with depth, while the other has an upper bound and yields a shape narrow-ing with depth. It is shown that a solution to the problem exists for a negative value of m. A relationship is examined between the width-to-depth ratio of a rectangular initial shape and a shape above a reference level for m values close to zero. In particular, the solutions for negative values of m, i.e. for discharge decreasing with increasing flow area, are evidently against common sense.
INTRODUCTION

This paper is a continuation of the mathematical analysis of the Chezy equation with constant roughness oriented to confront the properties of the Chezy
Open for discussion until 1 April 1997 function with common sense (Strupczewski & Szymkiewicz, 1996) . The axiom that the flow capacity of a channel increases with flow depth (or with flow area) is considered herein with the check whether it is fulfilled by the Chezy equation. To do so, the Chezy inverse problem will be solved. This time the problem is formulated as how to find a channel shape above a reference level for a given flow area-discharge curve with a constant ratio of slope to average velocity.
In fact, computational methods of uniform flow in compound channels clearly reflect hydrologists' awareness of common sense (Chow, 1959) . A violation of the axiom mentioned above is widely recognized in the case of a direct use of the Manning formula for a compound channel. Such a violation may happen for a small depth increase above a certain level with a rapid increase of width with depth. In fact it is the surface width-to-depth ratio which mainly controls this paradox, i.e. it is more likely to occur in a deep and narrow channel than in a wide shallow channel with inundation planes. An artificial division into subsections gives results conformable with the axiom but not necessarily closer to the true values (Strupczewski & Sua, 1983; Garbrecht & Brown, 1991) .
MATHEMATICAL FORMULATION
Since both the surface roughness and the water surface slope are here assumed to be constant, it is convenient to express the Chezy equation as the product of the slope-friction factor (SF) and the geometrical factor (G): Q = SFxG M where SF may be treated as a constant, while:
where P denotes the wetted perimeter and A the flow area. The exponent r equals 3/2 and 5/3 for the Chezy and Manning friction laws, respectively. Let a prismatic channel be filled up to a certain level h 0 called a reference level. Its geometry at that level is defined by A 0 , P 0 and top width T 0 or alternatively by A 0 , hydraulic radius R 0 and T 0 . For simplicity of notation the origin of the /i-axis will be at the reference level, i.e. h 0 = 0.
Above the initial level, the flow area-geometrical factor relationship, may be written:
With the initial conditions (A 0 , P 0 , T 0 ) the task is to find the symmetrical cross section profile above the reference level, i.e.:
Giving the relationship of equation (3) capacity/size axiom it will be possible to check whether a solution exists and, if so, to assess whether the shape expressed in equation (4) can be met in a natural or trained river channel. Because equation (4) contains T and h variables only, A and P in equation (2) and their derivatives with respect to depth shall be expressed in terms of these two variables by means of the following geometrical relationships, the last two of which are valid for a symmetrical cross section only:
(5b)
DECREASING DISCHARGE WITH RISING DEPTH
Before proceeding to the solution of equation (3) it is instructive to seek a confirmation that the problem is well posed, i.e. whether it is realistic to expect to get from the Chezy equation a decreasing discharge with increasing depth or flow area.
To do so, consider the total derivative of the geometrical factor G defined by equation (2):
From the definition of the geometrical factor of the steady flow formula in equation (1) one can write:
where m is the ratio of kinematic wave speed to the average velocity of flow:
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A combination of equations (6) and (7) gives:
which shows the limits of the values for m. Because A, P and dP/àA are positive and furthermore r > 1 for any friction law, then m < r. For a rectangular channel, the upper limit of m corresponds to the width to depth (T/h) ratio approaching infinity and consequently m-*r, while for T/h going to zero m tends to unity. One can deduce from equation (9) that the m value is not restricted in sign. Note that for dP/dA -» + oo and r > 1 in equation (9), then m -»-oo. A negative value of m means a decrease of discharge with an increasing flow area (or flow depth). It is possible to show the same result in a different way (Strupczewski & Szymkiewicz, 1996) . For a channel with constant side slopes above a reference level, the derivative of the geometrical factor with respect to depth is given as (Strupczewski & Szymkiewicz, 1996, equation (19) ):
The negative value of dG x ldh corresponds to sides of slope:
For a rectangular shape of two units width and one unit depth (or a semicircular shape with unit radius) the z value is 5.9 and 4.9 for Chezy and Manning friction, respectively, while for a rectangular shape that is five times wider than its depth, z is 18.0 and 15.0 for Chezy and Manning friction, respectively. Therefore it is the width-to-depth ratio which mainly controls the paradox and one needs to take special precautions while working with the Chezy formula on a deep narrow channel (Strupczewski & Sua, 1982) .
EQUATION FOR A SPECIFIED FLOW AREA-DISCHARGE CURVE
Solving equation (7) and then equation (9) with the initial conditions A = A 0 , P = P 0 , G = G 0 for h = h 0 and a constant m value yields:
and:
respectively, for h > h 0 .Voim = 1 equation (11) becomes linear and equation (12) produces a constant hydraulic radius, while for m = 0 the geometrical factor has the constant value G 0 . Eliminating P from equation (12) by using
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To express the variables in equation (13) by means of T and h only, the geometrical relationships given by equations (5a-d) must be used. Then equation (13) takes the form:
with T = T 0 for h = h 0 . The fact that dT/dh appears to the second power in equations (5c-d) clearly points to the existence of two solutions. The negative root in equation (15) corresponds to a narrowing surface width with increasing depth, while the positive one corresponds to a widening surface width with depth. Furthermore, can be noted that equation (15) For m equal to zero, the kinematic wave speed is also zero, while the geometrical factor is constant and equal to its value at the reference level. Putting m = 0 into equation (15) 
while equation (14) simplifies to:
SPECIAL CASE SOLUTION
In general there is no analytical solution of the differential-integral equation (15) except for the particular case when m = 1 for h > h 0 , i.e. when the average flow velocity is constant and equal to the initial value and to the kinematic wave speed at the same time. Then equation (15) takes the form:
which does not depend on r, the friction law parameter (equation (2)). Solving equation (18) Since a uniform flow formula, such as the Manning or Chezy formula, indicates that the hydraulic radius is the sole shape parameter for the average velocity, the cross section defined by equation (19) has both hydraulic radius and average velocity constant for any water level above the initial one (h 0 ). The solution of equation (18) with a positive sign for the limiting case of cross section shape was presented by Chow (1959) . He assumed as the initial conditions a bottomless channel with a finite top width, i.e. the one with width-to-depth ratio approaching zero, so then T 0 = 2R 0 .
NUMERICAL RESULTS
The differential-integral equation (15) has been solved numerically by the Runge-Kutta fourth order method for given initial conditions and m values and both Manning and Chezy friction. The cross section profiles for a rectangular initial shape with T 0 = 2, A 0 = 2, Manning friction and various m are displayed in Fig. 1 . The left-hand branches correspond to the negative sign of the square root in equation (15) and have upper bounds, while the right-hand branches are unlimited. The upper bound is particularly visible for m = 1. Putting T = 2R 0 into equation (19) gives:
and so from equation (18) However, the interest is in shapes for negative m values. The shapes above the initial level for the same initial shape and friction law and m values in the vicinity of zero are shown in Fig. 2 . Obviously, a negative value of m contradicts the capacity/size axiom. This has been already recognized as a feature of the Chezy-Manning formula for a small depth interval above the level where there is a jump increase in the channel surface width. It is demonstrated in Fig. 2 that the formula can produce a shape with a constant negative value of m above the initial level at the cost of a fast increase in surface width with depth. To show the influence of the initial surface width T 0 on the solution the computation was repeated for the rectangular initial shape with A 0 = 10 and T 0 = 10 (Fig. 3) . As could have been expected from equation (10), the surface width grows much faster with depth than in the previous case. However, this does not concern the dimensionless surface width TIT 0 which grows more slowly than the one of Fig. 2 . 
CONCLUSIONS
The foregoing analysis shows that, for a uniform symmetrical channel with constant roughness, there is a double solution of the inverse Chezy problem for area-discharge curves with constant m. One solution which is of interest gives a shape of growing surface width with depth and is not limited in depth, while the other, having an upper bound, presents a shape of decreasing top width with increasing depth.
There is a solution of the inverse Chezy problem for a negative constant value of m, i.e. for discharge being a decreasing function of flow area. However, it implies a channel with surface width rapidly increasing with depth above the reference level, and therefore can be classified as a compound channel.
It has been proved in this paper and in the companion one (Strupczewski & Szymkiewicz, 1996) that neither of the two steady state flow axioms is fulfilled by the Chezy formula with constant roughness. Therefore, the channel shape is an important factor affecting the value of the roughness coefficient, both Manning or Chezy.
The impetus for this study came directly from a practical situation. Its consequencs has been to explain the reasons for paradoxes met particularly while using the Chezy formula with constant roughness in deep narrow channels. The study should be of interest to hydrologists and students of applied river hydraulics. The two computer programs for numerical derivation of a channel shape for a specified depth-discharge curve and for a specified area-discharge curve are available as a contribution to the IHP.
The paper is intended to add some arguments to support the view that the problem of a universal formula for uniform flow in an open channel, one that would be acceptable by practitioners, is still open and to warn against application of the Chezy-Manning formula regardless of channel shape. The solutions of the two inverse Chezy problems could be used for an experimental design carried out in a hydraulics laboratory on the roughness/shape relationship.
Dealing with a model of a well recognized hydrological process such as steady flow in an open channel, it is possible to get a rough estimate of its goodness by confrontation with common sense, i.e. without analysing its rationale and without testing by field or laboratory data.
